Abstract-This paper presents a novel framework to derive the statistics of the interference considering dedicated and shared spectrum access for uplink transmission in two-tier small cell networks such as the macrocell-femtocell networks. The framework exploits the distance distributions from geometric probability theory to characterize the uplink interference while considering a traditional grid-model set-up for macrocells along with the randomly deployed femtocells. The derived expressions capture the impact of path-loss, composite shadowing and fading, uniform and non-uniform traffic loads, spatial distribution of femtocells, and partial and full spectral reuse among femtocells. Considering dedicated spectrum access, first, we derive the statistics of co-tier interference incurred at both femtocell and macrocell base stations (BSs) from a single interferer by approximating generalized-K composite fading distribution with the tractable Gamma distribution. We then derive the distribution of the number of interferers considering partial spectral reuse and moment generating function (MGF) of the cumulative interference for both partial and full spectral reuse scenarios. Next, we derive the statistics of the cross-tier interference at both femtocell and macrocell BSs considering shared spectrum access. Finally, we utilize the derived expressions to analyze the capacity in both dedicated and shared spectrum access scenarios. The derived expressions are validated by the Monte Carlo simulations. Numerical results are generated to assess the feasibility of shared and dedicated spectrum access in femtocells under varying traffic load and spectral reuse scenarios.
I. INTRODUCTION

S
MALL cell networks are evolving as a paradigm shifting technology that supplements the macrocell infrastructure to provide a cost-effective means of extending the cellular coverage. Also, small cells can ameliorate the network spectral and energy efficiencies while offering high quality indoor broadband wireless services [1] . Interference in small cell networks is typically characterized into two main classes, namely; i) Cross-tier interference incurred at the small cell receivers arising from the macrocell transmitters or vice versa; ii) Co-tier interference incurred at the small cell or macrocell receivers arising from the other small cell or macrocell transmitters, respectively. One specific class of small cells is the femtocells whose transmission range is very small compared to the macrocell coverage. Several research studies have focused on the simulation-based performance analysis of femtocells considering selected predefined scenarios [2] , [3] . These efforts, however, are not sufficient to capture the joint interplay of network design parameters and to extract in-depth theoretical insights behind various observations and performance trends. This necessitates the development of accurate yet tractable analytical interference models for system performance analysis.
A. Background Work
The problem of interference modeling in small cell networks has been tackled recently using tools from stochastic geometry in which the macrocell base stations (MBSs) as well as the femtocell base stations (FBSs) are distributed using Poisson Point Processes (PPPs) [4] - [11] . In [4] , [5] , the distribution of the downlink signal-to-interference-plus-noise ratio (SINR) is derived with independent Rayleigh fading on all links. The derivation of capacity is based on a two-step approach, introduced first in [6] , which needs one more integral computation than required to evaluate the coverage probability. For general fading channels, the capacity evaluation requires four-fold integral computations, therefore, majority of these works are limited to Rayleigh fading channels [4] - [9] , [12] . It may also be worth mentioning that, since cross-tier interference can be higher than the co-tier interference in shared spectrum access scenarios, the impact of co-tier interference is either neglected or is not analyzed rigorously in many previous studies. An example is [13] where cumulative density function (CDF) of the cross-tier interference at a reference FBS is derived considering a single femtocell, i.e., by ignoring the co-tier interference. In other stochastic frameworks, the co-tier interference is either modeled by a Poisson shot noise process such that it becomes a Levy-stable distribution for Rayleigh fading channels and path-loss exponent equal to four [10] , [11] or are fitted by the tractable Gamma distribution [14] .
In general, the aforementioned stochastic frameworks analyze the system performance by spatially averaging over all possible network realizations. However, for a well-planned macrocell set-up which is usually the case in practice, along with the specified traffic load conditions and small-cell deployment densities, it is not possible to precisely analyze the per-cell performance using stochastic geometry. This per-cell performance is of significant interest to network designers who may need to calculate the performance within a given region of interest provided a planned set of locations for the macrocells. Consequently, the overall network performance may not necessarily be the scaled version of the per-cell performance that varies from cell to cell depending on their traffic load and smallcell deployment densities. Moreover, the stochastic frameworks are generally tractable to derive the CDF of SINR with Rayleigh fading channels in the desired link which may not always be the case, as mentioned in [15] . Although, the Rayleigh fading assumption can be relaxed by employing Plancherel-Parseval theorem, the resulting integrals are involved and, thus, the stochastic geometry approach loses its tractability in general fading channels [15] .
With PPP-based macrocell layout, it may not be possible to model the performance of two-tier networks by capturing the advancements of grid-based macrocell networks, e.g., optimal threshold distance designs for different scheduling schemes in fractional frequency reuse (FFR)-based LTE networks [16] , optimal relay locations for coverage enhancement [17] , optimal threshold distance for interference mitigation and hybrid frequency assignment in two-tier networks [18] , and schedulingbased interference models for LTE networks [19] , etc. Also, it is challenging to incorporate specialized infrastructure nodes, e.g., fixed relays or distributed antennas into the signal and interference models [14] . In the uplink, due to the implicit dependence between the BS and user point processes, most of the stochastic geometry-based frameworks are limited to downlink transmission. An exception is [20] in which one-tier uplink cellular networks are considered with channel inversionbased power control. For analytical tractability, the authors approximated the network model by assuming that the Voronoi cells are divided with respect to the users (rather than w.r.t. the BSs) and each user has its own serving BS randomly located within its Voronoi cell.
To overcome these limitations, a hybrid interference modeling approach is developed in [14] for downlink cellular networks. The key idea is to inscribe a circular cell within the weighted voronoi cell. A guard zone of certain radius is assumed around the fixed cell, in which no transmitters can exist. The derivation of guard zone radius is application-specific and may need to be re-derived for different scenarios. Since the exclusion distance between the receiver and nearest interferer is asymmetric, the authors lower bounded this distance and thus derived an upper bound on the interference. For tractability, the interference is further approximated with the Gamma distribution by moment matching method.
B. Contributions of the Paper
This paper analyzes the statistics of the interference in twotier femtocell networks by exploiting a geometric probability approach which has its unique merits as detailed below:
• The framework exploits the use of distance distributions from geometric probability theory to model the uplink interference in two-tier randomly deployed femtocell networks. Specifically, the random line picking theory is used to model the uplink interference at a reference FBS from the macrocell users (MUs) within the same macrocell, and femtocell users (FUs) located within the same macrocell as well as the adjacent macrocells. Moreover, the distribution of the distance between two random nodes in concentric circles is used to model the cross-tier interference at a a reference FBS from the randomly selected MUs of the adjacent macrocells.
• The framework considers a traditional grid -model for macrocells along with the randomly deployed small cells. This model has not been considered before in the literature in a comprehensive manner. Such a model can be considered as a hybrid model in between the stochastic geometry models where all BSs are distributed using PPPs and grid models where the locations of all BSs are deterministic [21] - [23] . The significance of the framework follows from the fact that it enables the network operators to model the performance of two-tier networks by incorporating optimized network parameters designed for grid-based macrocell networks, while capturing the random deployment of the small cells.
• System-wide as well as per-cell performance analysis can be conducted in a traditional manner, i.e., no guard zones and dominant interferer concepts are needed.
• The framework presents a unified approach to characterize the statistics of desired signal and interference in general composite fading channels with uniform and non-uniform traffic loads and partial and full spectral reuse scenarios. We derive expression for spectral effiiency (bps/Hz) by approximating the Generalized-K distribution with the tractable Gamma distribution.
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• The proposed approach needs only the moment generating function (MGF) of the desired signal and cumulative interference to obtain spectral efficiency.
• The approach reduces the number of integrals, i.e., requires single integral capacity computation.
C. Paper Organization and Notations
The remainder of this paper is organized as follows. Section II details the channel model, distance distributions, spectrum and channel allocation strategy in a two-tier small cell network, e.g., a macrocell-femtocell network. In Section III Fig. 1 . Graphical illustration of a two-tier femtocell network with grid-based macrocell deployment and arbitrarily deployed femtocells along with the enlarged view of a given macrocell demonstrating the desired link and interfering link distances. and Section IV, we derive novel closed-form expressions for the statistics of the interference considering dedicated and shared spectrum access, respectively, for uplink transmissions in the two-tier macrocell-femtocell network. Based on this, in Section V, we derive network as well as per-cell ergodic capacity. Finally, Section VI presents selected numerical and simulation results followed by concluding remarks in Section VII.
Notation: Gamma(κ (·) , Θ (·) ) represents a Gamma distribution with shape parameter κ, scale parameter Θ and (·) shows the name of the RV. [24, see Notations] . Pr(A) denotes the probability of event A. f (·), F (·) and M(·) denote the probability density function (PDF), CDF, and MGF, respectively. Finally, E[·] denotes the expectation operator.
II. SYSTEM MODEL AND ASSUMPTIONS
A. Two-Tier Uplink Small Cell Network
We consider a two-tier uplink small cell network with L circular macrocells of radius R m and U m uniformly distributed MUs in each macrocell. The macrocells are overlaid by arbitrarily deployed femtocells such that the femtocell density per unit macrocell area is given by λ. Consequently, the number of femtocells in a reference macrocell can be given as F = λπR 2 m . Each femtocell is of radius R f with U f uniformly distributed FUs (see Fig. 1 for illustration) . We assume closed-access femtocells. Therefore, unregistered MUs or FUs cannot access a given femtocell, even if they experience strong channel with that FBS compared to their serving BSs.
Since FBSs are uniformly distributed in the reference macrocell, FBSs may exist at cell-edge with certain probability, i.e., at a distance R m from the MBS. Consequently, their corresponding FUs can be outside the reference macrocell by a distance equal to the R f . This can also be seen from the Monte Carlo simulations of Fig. 2 that demonstrates the distance of a typical FU in an interfering femtocell and the reference FBS which goes beyond 2R m for both R f = 50 m and R f = 200 m. However, since the femtocells are meant to be very small cells, the edge effect is nearly negligible as can also be verified from Fig. 2 when R f = 50 m. 2 
B. Spectrum Access and Channel Allocation
The network's uplink bandwidth is divided into N tot orthogonal subchannels that are available to all macrocells, i.e., we consider universal frequency reuse. In this paper, we deal with both dedicated and shared spectrum scenarios and their corresponding spectrum allocation is detailed below:
• Dedicated spectrum access: The spectrum is partitioned such that the same set of N subchannels are allocated to the femtocells in each macrocell, 3 whereas, N tot − N subchannels are reserved for MUs. Each femtocell then selects N f , ∀ f ∈ 1, 2, . . . , F , out of N subchannels arbitrarily depending on its traffic load. For a macrocell, we consider a full traffic load condition in which all N tot − N subchannels are allocated to MUs.
• Shared spectrum access: All N tot orthogonal subchannels can be used by any BS of any tier. However, we consider that each femtocell selects N f , ∀ f ∈ 1, 2, . . . , F , subchannels from the total spectrum N tot depending on its traffic load such that 0 ≤ N f ≤ N tot . For a macrocell, we consider a full traffic load condition in which all N tot subchannels are allocated to MUs. 
where β represents the indoor path-loss exponent,r denotes the distance of the scheduled FU from its serving FBS (See Fig. 1(b) for graphical illustration), and ζ denotes the composite shadowing and fading RV of the desired channel. Since we consider uniformly distributed FUs, the distribution of the distancer of a scheduled FU is given by:
Note that the signal power received at the reference MBS on a transmission channel from a randomly selected MU can be defined similarly as in (1) by considering outdoor path-loss exponent α, where, the distribution ofr for a MU is given by replacing R f with R m in (2).
2) Co-Tier Interference at a Reference FBS From a Femtocell Interferer:
The interference received at an arbitrarily located reference FBS from a randomly selected FU in an interfering femtocell is given as:
where χ denotes the composite shadowing and fading RV for the interfering channel, L w denotes the wall penetration loss for q walls, α denotes the path-loss exponent between two FBSs, and r denotes the distance between any two arbitrarily located FBSs (see Fig. 1(b) for graphical illustration). Due to the notably smaller size of femtocells, the distance between a FU to its serving FBS is relatively much smaller than the distance between two FBSs, i.e.,r r. Consequently, the actual interfering distance between a FU in an interfering femtocell and reference FBS can be well approximated by the distance r between the two FBSs [10] , [11] , [25] . The distribution of the distance r can then be given by exploiting the random disk line picking theory as follows [26] , [27] :
where 0 ≤ r ≤ 2R m . Fig. 2 compares the analytical and simulated results for the CDF of the approximated distance r and actual distance between the FU located in an interfering femtocell and the reference FBS, respectively. It can be noted that the accuracy of the assumption decreases for large values of R f = 200 m. Nonetheless, we want to emphasize that the femtocells are meant to be very small cells (i.e., transmission range of 10 m-50 m) compared to the existing macrocell coverage, therefore, the considered assumption is valid for small cells as also mentioned in [10] , [11] , and [25] .
We also want to emphasize that the distance between a randomly selected FU in an interfering femtocell and a reference FBS is independent of the femtocell density λ. This follows from the fact that the femtocells are uniformly distributed in a macrocell and, thus, the probability of the existence of an interfering femtocell as well as its user in any part of the macrocell region remains the same irrespective of the total number of femtocells F and femtocell density λ. We also verify this fact through Monte Carlo simulations with, λ = 0.0005 (F = 393) and λ = 0.000005 (F = 4) in Fig. 2 .
3) Cross-Tier Interference at a Reference FBS:
The crosstier interference at a reference FBS is of two types.
• Interference from a MU in the reference macrocell: Since both MUs and FBSs are uniformly distributed within a macrocell of radius R m , the distance between a randomly selected MU and an arbitrarily located reference FBS can be given by random line picking theory. These two nodes are randomly selected points within a macrocell. Therefore, random line picking theory can be used to model the distance between them. The interference I in fm caused at an arbitrarily located reference FBS from a randomly selected MU of reference macrocell, in which the reference FBS exists, can then be defined as follows:
where the distribution of r is given by (4) and η is a factor to incorporate the reduction of the wall penetration losses, i.e., η < 1. Consequently, the expression for cotier interference I ff can be directly applied to derive the statistics of I in fm by replacing P L w with ηP L w .
• Interference from the MUs in the adjacent macrocells: To model the cross-tier interference I adj fm from the MUs of adjacent MBSs, the distribution of the distance between two randomly selected nodes in the adjacent macrocells is needed. Although an exact integral representation for the distance distribution is derived in [28] , a closedform expression is not available. Therefore, for analytical tractability, we approximate the distance between two randomly selected nodes in the adjacent macrocells by the distance between two randomly selected nodes in concentric circles which is available in closed-form [29] . The first (smaller) concentric circle is the one in which the reference FBS is located and its radius is equal to a = R m . The other (bigger) concentric circle has a radius given by
The effect of this approximation will be demonstrated in more detail in Section VI. The cross-tier interference received at the reference FBS from the MUs of adjacent macrocells can then be defined as:
whereȓ is the distance between an arbitrarily located reference FBS within macrocell of radius a and an interferer located in the bounded region of the two concentric circles of radii a and b. The distribution ofȓ is given as follows [29] :
where
4) Co-Tier and Cross-Tier Interferences at a Reference MBS:
Given the distance of the MBS of an interfering MU from reference MBS as D m , the co-tier interference at reference MBS is given as follows:
wherer is distance between a randomly selected MU in the interfering MBS and the reference MBS (see Fig. 1 (a) for graphical illustration) and the distribution ofr is given as follows [30] :
Along the same lines, the cross-tier interference at a reference MBS from a FU in an interfering femtocell located at a distance D f can be defined as:
wherer is the distance between a FU in the interfering femtocell which is located at a distance D f from the reference MBS. If D f > R f , the distribution ofr can be given using (9) by replacingr withr, R m and D m with R f and D f , respectively. On the other hand, if D f < R f , the distribution ofr is given by [30] :
Since we consider randomly distributed FBSs, in this subsection, we take the values D f of all FBSs from Monte Carlo simulations.
D. Composite Fading Channel Distribution
In general, shadowing and fading channels can be jointly modeled by composite fading distributions. The Gamma distribution is a generic fading distribution which includes Rayleigh and Ricean distributions as special cases. Shadowing is typically modeled by a Log-normal distribution; however, due to the unavailability of closed-form expressions, the Log-normal based composite fading models complicate the analysis. In this context, the Generalized-K distribution has emerged recently in which the shadowing as well as fading channels are modeled by the Gamma distribution [31] , [32] . Since the PDF, CDF, and MGF of the Generalized-K distribution involve special functions such as Meijer − G and Whitakker functions, we consider approximating it with a more tractable Gamma distribution using the moment matching method, i.e., [32] . By matching the first and second moments of the two distributions, the corresponding values of κ and Θ are given as [32] :
where is the adjustment factor. Therefore, we assume that ζ and χ are Gamma distributed RVs.
III. INTERFERENCE ANALYSIS: DEDICATED SPECTRUM
Since the dedicated spectrum access allows the interference from the same tier only, MBSs receive interference from the MUs of neigboring MBSs and FBSs receive interference from the FUs in the coverage areas of the FBSs located within the same macrocell as well as neigboring macrocells. In this context, this section derives the statistics of co-tier interference received at both the reference FBS and MBS.
A. Interference Power at a Reference FBS
First, we derive the PDF and MGF of the co-tier interference incurred at an arbitrarily located reference FBS from a FU in another arbitrarily located FBS within the same macrocell. We then derive the distribution of the number of interferers considering partial spectral reuse with uniform and non-uniform traffic loads in different femtocells. Based on this, we derive the MGF of the cumulative interference considering both partial and full spectral reuse scenarios. Finally, we will extend the approach to include the interference from the FUs of FBSs located in the neighboring macrocells.
1) PDF and MGF of the Co-Tier Interference at a Reference FBS: Considering a single interfering femtocell, the distribution of co-tier interference I ff conditioned on r can be derived by using (3) and performing single variable transformation
The unconditioned distribution of co-tier interference can then be given by averaging over the distribution of r given in (4) as follows:
Substituting (4) in (13) and taking χ as a Gamma RV, i.e., χ ∼ Gamma(κ, Θ), (13) can be simplified as:
whereΘ = ΘP L w . Note that cos −1 x and √ 1 − x can be expanded by using the MacLaurin and Binomial series expansions in (14) as follows:
where (−0.5) k denotes the Pochhammer symbol which is a built-in function in standard mathematical software packages such as MATHEMATICA. The Pochhammer symbol can be mathematically defined as (x) n = Γ(x + n)/Γ(x). Substituting (15) and (16) in (14) and doing some algebraic manipulations, (14) can be simplified in terms of a single infinite series as:
By using the identities Γ(−0.
k and doing some algebraic manipulations, we simplify (17) as follows:
where !! denotes the double factorial and is defined in Notations in Section I-C. Since all terms from k = 1 to ∞ of the summation in (18) 
Consequently, the MGF of I ff can be derived by applying the definition M I ff (t) = E[e −tI ff ], substituting (19) , and by solving the integrals in closed form by applying [24, 6 .455/2] as given in
2) Distribution of the Number of Interferers: In this subsection, we derive the distribution of the number of interferers N I considering F femtocells in a given macrocell with uniform/non-uniform traffic loads in different femtocells.
Lemma 1 (Non-Uniform Traffic Load in Femtocells): Since a FBS arbitrarily selects N f out of N subchannels, the probability of the interference from a FBS on a given subchannel which is allocated to the reference FBS can be given as N f /N . The probability of receiving interference from N I = n femtocells can therefore be derived as follows:
where n ∈ {0, 1, . . . , F − 1} and b represents a binary vector of size F − 1. Note that f th bit of binary vector b, i.e., b(f ) = 1 when the interferer is present in f th interfering femtocell and b(f ) = 0, otherwise. Clearly for n number of interferers, we need to consider all those binary combinations whose sum is equal to n. Therefore, B denotes the set of combinations for which
The probability of receiving interference from N I = F − 1 femtocells on a given subchannel allocated to the reference FBS can be given as
Similarly, the probability of no interferers, i.e., Pr(N I = 0) can be given as
For illustration, consider F = 3 femtocells in a given macrocell. The range of the number of interferers to a given subchannel in reference FBS varies from n = 0 to n = 2. For n = 1, B = {'01', '10'} possesses two elements, i.e., there are two possible combinations in which the number of interferer is exactly one or
To determine the probability of one interferer, we need to add the corresponding probabilities of both combinations, i.e.,
For 
and therefore require equal number of subchannels, the probability of n interferers on a given subchannel allocated to the reference FBS can be given as:
Note that in a case when all FBSs arbitrarily select a single subchannel from N subchannels, the distribution of N I can be given by substituting N f = 1 in (23). The probability of subchannel selection by each FBS is 1/N , whereas, the probability that a subchannel is not selected by any FBS is (1 − 1/N ) F which leads to reduced spectral efficiency when uncoordinated spectrum allocation is performed. This spectral efficiency reduction becomes more visible with excessive spectrum and/or sparse femtocell deployments. j=1 I ff,j ) requires the convolution of the PDF of N I RVs, which is a tedious task for many practical scenarios. To avoid the convolutions, we utilize an MGF -based approach and derive the expression for the MGF of the cumulative ICI I cum ff . Since the number of the co-channel interferers N I is itself a random variable, the MGF of the cumulative interference for partial spectral reuse can be given by averaging over the distribution of the number of interferers and considering independent interfering composite fading statistics χ f from different femtocells as follows:
where I ff,j = P L w r −α χ j and its MGF can be calculated by simply substituting the corresponding values of κ χ j and Θ χ j for each link in (20) and Pr(N I = n) is given for uniform and non-uniform traffic loads in (21) and (23), respectively. Note that the case when there is no interferer, the distribution of interference is given by Dirac delta function, i.e., δ(i). Consequently, the MGF in this case is equal to one. This condition is reflected in the first term of (24) .
For independent and identically distributed (i.i.d.) composite fading of interference channel from all femtocell links, (24) simplifies to
Similarly, for the full spectral reuse case (24) and (25) simplify as follows:
For demonstration purposes, from this point onwards, we consider i.i.d. case. However, the extension to non-identical channels can be performed in a straightforward way.
4) Cumulative Co-Tier Interference From Femtocells Located in Reference Macrocell as Well as T Tiers of Neighboring Macrocells:
To derive the cumulative interference from the FUs of reference macrocell as well as T tiers of macrocells, the total number of femtocells can be estimated as F = λπ(2T R m + R m )
2 . Since each FBS selects N f subcarriers arbitrarily out of its allocated spectrum (which is N in the case of dedicated spectrum and N tot in the case of shared spectrum), a co-channel scenario changes the number of subcarriers available to a femtocell when compared to the dedicated spectrum scenario. As such, the cumulative interference from all femtocells within a macrocell and T tiers of macrocells can be calculated by increasing the range of R m to R m + 2T R m and considering the number of subcarriers available to them. The MGF for the co-tier interference I ff received from a single femtocell interferer can then be given by replacing R m with R m + 2T R m in (20) . Consequently, the distribution of the number of interferers and MGF of the cumulative interference can be derived by replacing F with F in (21), (23), (25) , and (26).
B. Interference Power at a Reference MBS
The co-tier interference at a reference MBS from the MUs of neigboring MBSs has been derived for v Rayleigh-Lognormal fading channels in [30] . However, for the sake of completeness, we briefly detail the derivations for Gamma composite fading channels in this subsection.
1) PDF and MGF of the Co-Tier Interference at a Reference MBS:
Given the distance D m of an MBS whose MU is interfering the reference MBS, the PDF of the co-tier interference can be derived by conditioning on the distribution ofr in (8), doing RV transformation, and finally averaging over the distribution ofr as:
Since χ ∼ Gamma(κ, Θ), we can write (27) as
The first term can be solved in closed form by using the identity We then apply Maclaurin series expansion, i.e., sin
, and Tonelli's theorem since each term from k = 1 to ∞ is integrable and non-negative over the range ofr, as follows:
Finally, Binomial expansion is applied on the second term of (29) and the integral is simplified and solved using [24, 3.381/8]. The PDF of I mm can then be given as follows:
. By applying the definition of MGF and the identity given in [24, 6.455/2], the MGF of I mm can be derived as given in (31) .
2) MGF of the Cumulative Co-Tier Interference at a Reference MBS:
Since we consider universal frequency reuse and full traffic load conditions in all macrocells, i.e., all dedicated subchannels in all macrocells are allocated, the MGF of the cumulative co-tier interference received at a reference MBS on a given transmission channel can be given as follows:
IV. INTERFERENCE ANALYSIS: SHARED SPECTRUM When both MUs and FUs share the same spectrum, the reference FBS located in the reference macrocell receives interference from the MUs located in the reference macrocell as well as the MUs of neighboring macrocells. The interference is in addition to the co-tier interference from FUs as described in Section III-A. Moreover, the reference MBS will also receive interference from the FUs located in the same macrocell as well as the neighboring macrocells. This interference is in addition to the co-tier interference already derived before in Section III-B. In this context, this section focuses on the crosstier interference incurred at both reference FBS and MBS in Sections IV-A and B, respectively.
A. Interference Power at a Reference FBS 1) PDF and MGF of the Cross-Tier Interference at a Reference FBS:
The cross-tier interference at a reference FBS consists of two parts, i.e., i) interference from the MU in reference MBS, i.e., in-cell interference I in fm ; ii) interference from the MUs of adjacent macrocells, i.e., I adj fm . Since all macrocells are assumed to work in full traffic load conditions, i.e., all subchannels are allocated, a reference FBS within the reference MBS will receive interference from all macrocells. Note that the PDF and MGF of I in fm can be derived by simply replacing P L w with ηP L w in (19) and (20), respectively. On the other hand, the PDF of I adj fm from a single interferer can be derived by conditioning on (6), doing RV transformation, and by averaging over the distribution ofȓ in (7), as follows:
Substituting (7) in (33), applying Maclaurin and Binomial series expansion in (15) and (16), respectively, and after some algebraic manipulations, (33) can be written as follows:
. Solving the integrals in the first two terms by applying the result in [24] [3.381/8], doing some algebraic manipulations and using Tonelli's theorem, (34) can be simplified as follows:
Applying Binomial expansion on J (ȓ) and using the result in [24] , f I fm (I) can then be derived as follows:
The MGF of the cross-tier interference at a FBS from the MUs of adjacent macrocells can then be derived as given in
2) MGF of the Cumulative Interference at Reference FBS:
Since all macrocells are in full traffic load conditions, the reference FBS receives interference from all macrocell interferers on a given subchannel. The MGF of the cumulative cross-tier interference can then be given as
Remark: Note that, M I cum ff (t) derived in Section III-A can be used here by replacing N with N tot .
B. Interference Power at a Reference MBS
Since the interference from the femtocells of neighboring macrocells is nearly negligible at the reference MBS, in this subsection we derive the cross-tier interference from femtocells within a reference macrocell. However, the impact of the femtocells outside the reference macrocell can be incorporated in the derivations in a straightforward manner using the distance distribution in (9).
PDF and MGF of the Cross-Tier Interference at a Reference MBS:
Given the location of an interfering FBS within a reference MBS, i.e., given the distance D f > R f between the interfering FBS and reference MBS, the PDF of the cross-tier interference can be derived as in (30) by replacing R m and D m with R f and D f , respectively. However, if D f < R f , the interference can be derived by conditioning on the distribution ofr in (10), doing RV transformation, and averaging over the distribution ofr as:
Due to brevity, we include the final result for the PDF and MGF of the interference received at an MBS from a FU in the interfering FBS located at D f < R f as follows: 
1) MGF of the Cumulative Interference at a Reference MBS:
Since the number of potential femtocell interferers depends on the traffic load and subchannels allocated in each femtocell, the MGF of the cumulative cross-tier interference can be given as in (24) and (25) by replacing M I ff,j (t) with M I mf,j (t) and F − 1 with F . Consequently, for the full spectral reuse, the MGF of cumulative interference at reference MBS in shared spectrum access can be given as:
V. ANALYTICAL EVALUATION OF ERGODIC CAPACITY
In this section, first we will derive a closed-form expression for the PDF and MGF of the received signal at a given FBS and MBS. Based on the derived MGF expressions for signal and aggregate interference, we will then present a single integral expression to derive the capacity (in bps/Hz) of uplink transmission in a macrocell and femtocell. The evaluation of coverage probability is also possible using the characteristic function based method proposed in [34] .
A. PDF and MGF of Received Signal Power
The PDF of the received signal at a given arbitrarily located FBS from an arbitrarily selected FU is derived by performing a single variable transformation of (1) as follows:
where the PDF ofr is given as in (2) . Substituting (2) in (1) and considering that ζ is a Gamma RV, i.e, ζ ∼ Gamma(κ ζ , Θ ζ ), (43) can be rewritten as follows:
Applying [24, 3.381/8], we solve the integral in closed form and can rewrite (44) as follows:
Consequently, the MGF M S (t) = ∞ 0 e −tS f S (S)dS can be given by applying Γ l (·) = Γ(·) − Γ u (·), using [24, 3.382/4] and [24, 6 .455/1] to solve the first and second integral, respectively, in closed form and by doing some algebraic manipulations, as follows:
Note that the same result applies for MBS when R f and β are replaced with R m and α, respectively.
B. Capacity Evaluation
In general, since S and I cum are independent for all cases, the capacity per unit bandwidth can be calculated by using the lemma proposed in [35] as follows:
where (·) is the capacity of uplink transmission in a reference macrocell or femtocell and σ 2 denotes the thermal noise power.
1) Dedicated Spectrum Access:
The aggregate capacity of uplink transmission in a macrocell with F femtocells can be calculated for non-uniform traffic load and partial spectral reuse case as
where C m and C f denote the capacity of the uplink transmission in a reference macrocell and femtocell, respectively. For uniform traffic load and partial spectral reuse case, C agg = (N tot − N )C m + F N f C f and for full spectral reuse case, C agg = (N tot − N )C m + F NC f . By substituting (46) and (25) or (46) and (26) in (47), the capacity of uplink transmission per unit bandwidth in a femtocell C f can be computed for partial and full spectral reuse, respectively. Moreover, by substituting the modified version of (46), as explained in Section V-A, for macrocells and (32) in (47), the capacity of uplink transmission per unit bandwidth in a macrocell C m can also be computed.
2) Shared Spectrum Access: The aggregate capacity of uplink transmission in a given macrocell with F femtocells can be calculated for non-uniform traffic load and partial spectral reuse case as
For uniform traffic load and partial spectral reuse case, C agg = N tot C m + F N f C f and for full spectral reuse case, C agg = N tot (C m + F C f ). By substituting (46) and (38) in (47), C f can be computed. Moreover, by substituting the modified version of (46) for macrocells and (42) in (47), C m can be computed.
Remark 1 (Interference in Downlink Transmission Scenarios):
The cross-tier interference at a randomly selected MU from a randomly selected FBS within the reference macrocell can be modeled using (4). The interference from the FBSs of adjacent macrocells can also be captured in a similar manner as explained in Section III-A4. Furthermore, the cross-tier interference caused at an arbitrarily located FU within reference MBS consists of two parts; i) interference from the reference MBS can be derived using the distance distribution given in (11) and (9) depending on the distance D f from the reference MBS; ii) interference from the adjacent MBSs can be derived using the distance distribution given in (9) . Note that, due to symmetry and fixed locations of the adjacent MBSs, the cumulative interference from all MBSs remains no longer independent. The co-tier interference at a randomly located MU in the reference MBS can be derived in a traditional manner. Whereas, the co-tier interference at a FU can be derived using (4).
Remark 2 (Uplink Power Control): Uplink power control can also be incorporated in the proposed analytical framework. As an example, the received signal power S with channel inversion-based power control from the selected user in the reference FBS can be derived by considering the statistics of the distance of the user of interest, i.e., (r) from its serving FBS and its power can be given as P tx = P 0r β /ζ, where P 0 is the target received power level of the FU on a channel. Consequently, the signal power received at the reference FBS with power control can be given as S = P 0 . Similarly, the transmit powers of the interferers can also be determined as their channel inversions are performed with respect to their corresponding FBSs. The interference caused at a reference FBS from a given femtocell interferer can then be calculated as I ff = P 0r β r −β (χ/ζ). The statistics for this interference can be obtained by using the techniques mentioned in [36] . In case of slow distance inversion-based power control, the expressions can be further simplified as P tx = P 0r β , S = P 0 ζ and I ff = P 0r β r −β χ. The mathematical analysis can be performed by using the techniques in [37] .
VI. NUMERICAL RESULTS AND DISCUSSIONS
In this section, we analyze the performance of two-tier femtocell networks as a function of partial or full spectrum reuse, different traffic loads and deployment densities of the femtocells considering the dedicated and shared spectrum access scenarios. The radius of the macrocell and femtocell is taken as 500 m and 50 m, respectively. The density of MUs and FUs is taken as 0.001 users/m 2 . The indoor path-loss exponent β is 2.5, whereas the outdoor path-loss exponent is α = 3.5. Generalized-K composite fading is approximated by the Gamma distribution using (12), i.e., the composite fading density f χ (χ) in the interference channel is approximated as Gamma(3/2, 2/3), whereas the composite fading density f ζ (ζ) in the desired channel is approximated as Gamma(0.5, 3.8).
The number of walls between any two femtocells is given by q = 2. The values of all above mentioned parameters remain the same unless stated otherwise. According to 3GPP specifications, the signal penetration loss per wall is given by 5 dB; therefore, we take L w = 0.1 or L w [dB] = 10 [38] . We consider thermal noise power as 1 × 10 −16 W/Hz and transmission power per subchannel as P = 1 W. The Monte Carlo simulation results are averaged over 100 000 iterations. (47) is found to be 0.85 sec for k = 10 which gives reasonably accurate results and it increases to 8.5 sec for k = 100. On the other hand, the computational time 6 for running 100 000 Monte Carlo simulations is given by 304 sec which is significantly larger, when compared to evaluating (47).
A. Dedicated Spectrum Access Scenario
Higher values of N f /N lead to higher probability of the existence of an interferer in each femtocell and, consequently, reduce the capacity per unit bandwidth in a given reference femtocell. Note that the variation of allocated spectrum from low to high values can also be interpreted as variation in the traffic load from light to heavy load per femtocell based on either the number of FUs or their desired quality of service. A full spectral reuse scenario occurs when the proportion of allocated spectrum per femtocell approaches unity, i.e., N f /N = 1. Moreover, it can also be observed that the higher the femtocell density, the higher would be the co-tier interference, and consequently, the reduction in capacity per unit bandwidth in a femtocell is evident. Note that the decay in capacity is exponential with the number of femtocells, i.e., a significant reduction is observed when the femtocell density increases from λ = 0.000005 femtocells/m 2 to λ = 0.00005 femtocells/m 2 , however, the same degree of decay is not observed by further increasing the femtocell density which represents a saturation state. Fig. 5 captures the increase in C f by increasing the total number of available subchannels N tot and ultimately N for a fixed N/N tot considering i) static/fixed traffic load: the required subchannels N f in each femtocell remains fixed; ii) proportional traffic load: the required subchannels N f are proportional to N . For static traffic load per femtocell, the flexibility in channel selection per femtocell increases with the increase in N that reduces the probability of the existence of an interferer per femtocell and thus increasees the link capacity accordingly. For proportional traffic load case, the system performance remains unchanged due to the corresponding increase in the probability of the existence of an interferer with N . We also study a case in which there is no interference, i.e., either all interfering femtocells are turned off due to no traffic, or femtocells within a given macrocell coverage area operate using orthogonal subchannels. This scenario quantifies the possible maximum achievable gains with no spectral reuse compared to full and partial spectral reuse. Also, it demonstrates the impact of neglecting the co-tier interference on the overall system performance.
2) Impact of Spectral Reuse and Available Subchannels per Femtocell:
3) Co-Tier Interference From the Femtocells of Multiple Macrocells: In Fig. 6 , the impact of the interference from femtocells of neighboring macrocells is captured. First, it can be observed that increasing R m and in turn F reduces the capacity of transmission to a femtocell significantly in low traffic load scenario only. For high or full traffic load scenario the effect is negligible. Moreover, the femtocells located in the first tier of macrocells impact the per channel capacity of a femtocell only for low values of R m as the interfering femtocells can be very close to a reference FBS. This effect tends to diminish for higher values of R m , i.e., 500 m or above. The femtocell interference from neighboring macrocells can be ignored henceforth. The impact of interference from second tier of macrocells is negligible. Fig. 7 captures the aggregate capacity per macrocell as a function of 1 − (N/N tot ) . It can be observed that the higher the proportion of spectrum allocated to macrocell or femtocell network, the higher would be the resulting capacity of transmission in macrocell or femtocell network, respectively. However, the decay in femtocell network capacity for low traffic loads is nearly negligible even if almost 95% of the total spectrum is allocated to the macrocell. Based on this fact, it can be concluded that for sparse deployment of femtocells and/or low traffic loads, it may be useful to allocate more resources to MUs to achieve high macrocell capacity at the cost of a slight degradation of femtocell network capacity. It can also be observed that the aggregate femtocell network capacity increases with the increase in spectral reuse and deployment density; however, the reverse is true for the capacity per unit bandwidth in a femtocell as observed in Fig. 4 .
4) Aggregate Network Capacity per Macrocell:
5) Random vs. Grid Femtocell Deployments: Fig. 8 depicts the impact of increasing the number of femtocells on two commonly considered femtocell deployments; i) Circular gridbased deployment in which small cells are restricted at the cell edges [21] - [23] ; ii) Random deployment where small cells are located arbitrarily within a macrocell. Since deployment density λ is directly proportional to R m , the increase in R m leads to a significant increase in the interference in circular grid based deployment. This observation is a direct consequence of restricting the small cells at the edges of a macrocell. On the other hand, the impact of increasing the R m on randomly deployed femtocells is nearly negligible. It can, therefore, be concluded that circular grid-based models can significantly overestimate or underestimate the co-tier interference for high and low values of R m , respectively. Fig. 9 depicts the interference at an arbitrarily located reference FBS from i) a FU located in another arbitrarily located femtocell; ii) a MU located in the same macrocell where the reference FBS is located; iii) a MU located in the adjacent macrocell. Monte Carlo simulation results for i) and ii) are in full agreement with the analytical expression given in (19) . Note that for ii), we replace P L w with ηP L w in (19) . It can be seen that in-cell cross-tier interferer generates higher interference than the incell co-tier interferer and adjacent cell cross-tier interferer. The Fig. 10 . The CDF of the cross-tier interference received at an arbitrarily located reference FBS from i) an interferer which is located in the same macrocell; ii) all interferers in the adjacent macrocells; iii) total cross-tier interference.
B. Shared Spectrum Access Scenario
1) Validation of Concentric Circle Approximation:
Monte Carlo simulations for iii) considers the interference from a MU located in the adjacent circular macrocell, whereas the analysis considers the macrocell interferer arbitrarily located in the annular region between R m and 3R m .
To further illustrate the accuracy of the approximation, Fig. 10 depicts the cross-tier interference at an arbitrarily located reference FBS from i) the interferer which is located in the same macrocell; ii) the cumulative interference received from all interferers located in the adjacent macrocells; iii) the cumulative interference received from in-cell and all adjacent macrocell interferers. Since a reference FBS within the reference macrocell receives interference from six adjacent macrocell interferers in a nearly symmetric manner, i.e., each of the six interferers is restricted in one adjacent cell. Nevertheless, with the considered approximation, all interferers can exist at any point within the region bounded by two concentric circles of radii R m and 3R m . Therefore, on average, the distance of the interferers from a reference FBS increases in most cases, and therefore, the approximated interference is reduced compared to the exact interference.
2) Capacity per Unit Bandwidth in a Femtocell With Shared Spectrum Access: Fig. 11 depicts the capacity per subchannel C f within a given femtocell as a function of the proportion of subchannels allocated in each femtocell (N f /N tot ) considering uniform traffic load scenario. The approximation is observed to be more tight for high traffic load and deployment densities. Fig. 12 depicts C f for dedicated and shared spectrum access considering N f = 1 and N f = N . Note that, the increase in the proportion of spectrum dedicated for macrocells reduces N and ultimately reduces the traffic load per femtocell N f , when N f = N . Consequently, in shared spectrum access with N f = N , C f increases since the traffic load per femtocell decreases while the complete spectrum remains available for femtocells. On the other hand, in dedicated spectrum access, C f remains unchanged since the available spectrum for femtocells N decreases with reduction in traffic load N f . Similarly, when N f = 1, the capacity in dedicated spectrum access reduces significantly with the reduction in the available spectrum N as the traffic load N f is fixed. On the other hand, the capacity in shared spectrum access remains unchanged as the traffic load N f remains fixed and the available spectrum for subchannel selection is also fixed for any value of N/N tot .
The same effect of N f = 1 and N f = N on aggregate femtocell network capacity can also be verified from Fig. 13 which shows that shared spectrum access is a better choice in high traffic load scenarios. Note that, the aggregate capacity of femtocells is computed by directly multiplying C f in Fig. 12 with F N f which decreases with N ; therefore, the aggregate capacity in shared spectrum access scenario tends to reduce. The macrocell capacity in dedicated spectrum access is insensitive to the traffic load of femtocells and capacity remains unchanged for both N f = 1 or N f = N . On the other hand, for shared spectrum access, as soon as the traffic load of femtocells increases the macrocell capacity decays significantly which is the drawback of shared spectrum access. However, the capacity gains achieved from the femtocell network in high traffic load with shared spectrum access still outweigh the loss in the macrocell capacity.
VII. CONCLUSION
A geometric probability framework has been developed to characterize the the co-tier and cross-tier interferences in addition to ergodic network capacity in two-tier macrocellfemtocell networks with dedicated and shared spectrum scenarios. The derived model captures the impact of path-loss, composite shadowing and fading, wall penetration loss, traffic loads, partial and full spectral reuse among femtocells, arbitrary locations and deployment densities of the femtocells. Numerical results illustrate that the co-tier interference cannot be ignored for dense femtocell deployments with heavy traffic loads. Even though the aggregate femtocell network capacity proportionally increases with the number of femtocells and spectral reuse, the capacity per unit bandwidth in each femtocell degrades severely due to co-tier interference. Therefore, the network designers must consider the co-tier interference while optimizing the network parameters. Moreover, it is further observed that the shared spectrum access can be a good choice in high traffic load and femtocell deployment densities. Although choosing shared spectrum access in such scenarios may reduce the macrocell capacity gains, the femtocell network gains outweigh this drawback. The accuracy of circular grid-based femtocell deployments has been also investigated. It has been shown that they can significantly overestimate or underestimate the interference.
